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CANONICAL VARIATION OF A LORENTZIAN METRIC 


BENJAMIN OLEA 


Abstract. Given a Lorentzian manifold (M, ql) and a timelike unitary vector 
field E, we can construct the Riemannian metric g^i = H-2a;0a;, being lj the 

metrically equivalent one form to E. We relate the curvature of both metrics, 
especially in the case of E being Killing or closed, and we use the relations 
obtained to give some results about 


1. Introduction 

Given a Lorentzian manifold (M, and a timelike unitary vector field E G 
X{M) we can construct the Riemannian metric 

( 1 ) gn = gL+ 2uj uj, 

being w the ^i-metrically equivalent one form to E. This construction is frequently 
used to exploit the positive definiteness of gn, which provides some conclusions 
about gL- For example, in [S] it is used to prove, under suitable conditions, the 
existence of periodic timelike geodesics in a compact Lorentzian manifold and in [3] 
to give a Bernstein theorem for lightlike hypersurfaces in K". A similar construction 
has also been used to induce a Riemannian metric on a lightlike hypersurface of a 
Lorentzian manifold, which allows to define its extrinsic scalar curvature, [1] . Some 
aspects of Lorentzian metrics constructed in this way haven been studied in |21] 
and [33] . 

The dual construction of (HD, i.e., given a Riemannian manifold (M, gn) define 
the Lorentzian metric 

(2) gL = gR-luj® w, 

is also interesting because it provides some important examples of Lorentzian man¬ 
ifold, [mill [25]. 

In this paper, we consider a Riemannian or a Lorentzian manifold (M, g) and 
a (timelike in the Lorentzian case) unitary vector field E G X{M). We call e = 
g{E,E) and define, for t ^ —e, 

gt = g + tw ® 00 . 

This metric is Lorentzian if t < —e and Riemannian if — e < t. We call it the 
canonical variation of g along E due to its analogy with the canonical variation 
of a Riemannian submersion, where the metric of the fibres is multiplied by a 
parameter t, [Sj. In [23], the metric gt is also called variation of g and it is used to 
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contruct a Riemann metric with strictly positive sectional curvature from another 
Riemann metric with nonnegative sectional curvature. 

Obviously, the construction © corresponds to t = 2 and e = — 1 and @ to 
t = —2 and e = 1 and we call them standard canonical variation. 

Observe that metrics ga and in o and @ are related in the same way and 
therefore it would be sufficient just to study, for example, the metric gu constructed 
in o to obtain analog results for gi, constructed in ([2]). Nevertheless, the intro¬ 
duction of the parameters t and e allows us to handle jointly © and obtaining 
formulas easily adaptable to each case. 

We use X, Y, Z letters for othogonal vector fields to E and U, V, W for arbitrary 
vector fields. We write the geometric objects derived from gt with a t subscript, 
except for the connection which will be denoted by V*. For example Kt, Rict and 
St are the sectional, Ricci and scalar curvature of gt respectively. When we deal 
with gn or g we use a L, i? or no subscript respectively. 

In the second section, we show a formula relating the difference tensor of the 
connections V* and V, the exterior differential of w and the Lie derivative L_e 5- 
We also introduce the notion of vector field with normal associated endomorphism, 
which extends the notion of closed or conformal vector field. This concept will 
be useful to simplify the computation of the curvature of the canonical variation 
that are made in the third section. In section 0] we consider the standard canonical 
variation along a Killing unitary vector field and we obtain some inequalities about 
the curvature. We use the Berger theorem to show that if there exists a timelike 
unitary Killing vector field in a compact Lorentzian manifold with negative sectional 
curvature on timelike planes, then it has odd dimension. We also use Bochner 
techniques to give an integral inequality in a compact Lorentzian manifold furnished 
with a timelike Killing vector field. In the fifth section we give a result about the 
geodesic completeness of the canonical variation along a closed vector field and 
in the last section we consider how a lightlike hypersurface is transformed under 
standard canonical variation. We also give some sufficient conditions for a compact 
lightlike hypersurface to be totally geodesic. 

2. Preliminaries 

From now on, let {M,g) be a Riemannian or a Lorentzian manifold, E G X(M) 
a (timelike in the Lorentzian case) unitary vector field, oj its metrically equivalent 
one form and e = g{E, E). 

Definition 2.1. Fixed t G R—{—e}, the canonical variation of g along E is defined 
as 

(3) gt = g + tu! 0 Lu. 

If t = —2e, then it is called the standard canonical variation of g. 

Example 2.2. We give some examples of the standard canonical variation of a 
Riemannian manifold. 

(1) The standard canonical variation along any parallel vector field in the Eu¬ 
clidean space gives us the Minkowski space. 

(2) Consider the hyperbolic space H" = -I- Sr=2'^^i)- stan¬ 

dard canonical variation along E = dx^ gives us —dx\ -\- 

which is a piece o/S". On the other hand, if we take E = e~^^dx„, the 
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standard canonical variation is dxf + {^^=2 ~ which is a 

piece o/H". 

(3) Fix LI £ R” and let / : R be given by f{p) = p-v. Take = {p & 

gn-i ■ > Q| yjUfi ifg induced metric g^. Since FI ess f = —fgo, we have 

that (§”“^ X R, go + Pdt^) is an open set of EF. The standard canonical 
variation along E = jdt is the piece o/§" given by x R,go — f^dt^'). 

(4) The Lorentzian Berger spheres are obtained as the standard canonical vari¬ 
ation along the Hopf vector field of the Euclidean spheres . 

(5) The Lie group SL 2 (R) can be furnished with the bi-invariant Lorentzian 
metric given by < X,Y >l= ^tr{XY) or with the Riemannian left-invariant 
metric given by < X,Y >r= ^tr{XY^), being X,Y G sl 2 (M). If we call 

^ = ( _? I ) es[2(R), 

then it is easy to show that Or is the standard canonical variation of Or 
along E. Recall that (S'L 2 (R),<>l) is isometric to Hf. 

We call £)* = V‘ — V the difference tensor. We can relate this tensor, Lsg and 
w as follows. 


Proposition 2.3. Given U,V,W £ X{M), it holds 

(4) gt{D\U,V),W) = ^-(u;iW){LEg){U,V)+uj{U)du;{V,W)+Lv{V)duj{U,W)y 


Proof. We can suppose that Lie brackets vanish. By the Koszul formula and equa¬ 
tion we have 


2gt{VljV,W) 


2g{VuV, W) + t{U{uj (g) uj{V, W)) + V{uj (g) uj{U, W)) 
W{uj®uj{U,V)) 

2g{XuV, W) + t{Xu[oj (g) uj){V, W) -f Vy(a; (g) uj){U, W) 
Vvf(w 0 a;)(C/, P)) -I- 2tuj 0 a;(W, Vj/P). 


Using again equation m, 


gt{D\U, U), W) = ^ (Vuioj 0 w)(U, W) + Vy(w 0 uj){U, W) - Vvy(w 0 w)(C/, U)) . 


Now, since doj{U, V) = (Vi/w) (U) — (Vyw) {U) and (LEg) {U, V) = (Vo/w) (U) -I- 
(Vyw) ([/), the right hand of the above expression is 

^(uj{W) {Lep) iU,V) + uj(V)duj{U,W) + uj{U)duj(y,W)y 

□ 


We have the following consequences. 

Corollary 2.4. Take V, W,X,Y e X(M) with X,Y gE-^. 

(1) g{D\X,V),X) = 0. 

(2) g{D\V,E),E) = 0. 

(3) gt{D\V, E), W)+gt{D\W, E), U) = t{uj{V)g{W, V£U)+cc(W)g(U, VeE)) . 

(4) V%E = {l + et)VEE. 

(5) D\X, Y) = {Lep) {X, Y)E. 
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(6) {LEgt){X,Y) = (Lsg) {X,Y). In particular, if E is orthogonally confor¬ 
mal for g, then it is also orthogonally conformal for gt- 

(7) divtV = divV. 

We need to introduce the following concepts for next sections. 

Definition 2.5. The associated endomorphism to a vector field U € X(M) is 
Au : X(M) ^ X{M) given by AufV) = VyU. 

Let A\j be the adjoint endomorphism of Au. If g{Au{V), Au{V)) = g{Alj{V), Afi{V)) 
for all V G X(M), or equivalently, Au and Af, commutes, then Au is called normal. 

Definition 2.6. Let E G X{M) be a unitary vector field. Ae is orthogonally 
normal if g{AE{X), Ae{X)) = g{A*^{X), A*^{X)) for all X G E^, being A*^{X) 
the orthogonal component to E. 

li Ae is orthogonally normal, then it is easy to show that is normal if and 
only if E is geodesic. Moreover, \iU G X{M) with Au normal and E is its unitary, 
then is orthogonally normal. 

Example 2.7. We give some examples of vector field with normal associated en¬ 
domorphism. 

(1) The associated endomorphism of a closed vector field is normal. 

(2) If U is a conformal vector field, then A^ = 2p ■ id — Au for certain p G 
C°°{M) and thus it is straightforward to check that Au is normal. 

(3) Au is normal if and only if its associated matrix respect to a frame field is 
normal (it commutes with its transpose). Using this, it is easy to check that 
U = {x-\-y)dx + iy+z)dy-\-{x-\-z)dz has normal associated endomorphism in 

and so its unitary E has orthogonally normal associated endomorphism 
in — {0}. Observe that U is not closed neither conformal. 

(4) Let G be a Lie group with a bi-invariant metric g. IfU is any left-invariant 
vector field, then Ay{X) = —Au{X) and hence it is normal. 

Proposition 2.8. Let {M,g) be a semi-Riemannian manifold, U G X(M) a vector 
field with normal associated endomorphism and M a nondegenerate hypersurface 
of M with unitary normal N. The projection of U onto M has normal associated 
endomorphism if and only if 

( 5 ) 

g{Au{X),Nf - g{X, Au{N)f = 2g{U, N) {g{Au{X), S{X)) - g{Au{S{X)),X)) 
for all X G X{M), being S the shape operator of M. 

Proof. Take 6 = g{N,N) = ±1 and write U = V -\- Sg{U, N)N with V G X(M). 

Call Av(X) = tan(VxV), where tan{-) denotes the projection onto M. Given 
X G X(M), 


AviX) =tan{Au{X)) - Sg{U,N)VxN, 
A*y{X) =tan{A*u{X)) - 5g{U,N)VxN. 
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Therefore, 

9 {Av{X), Av{X)) = g{tan{Au{X)),tan{Au{X))) - 25g{U, N)g{XxN, AuiX)) 

+ g{U,NfgiXxN, XxN) 

= g{Au{X),Au{X)) - Sg{AuiX), Nf - 26g{U, N)g{VxN, Au{X)) 
+ g{U,N)^g{XxN, XxN). 

Analogously, 

giA*yiX),A*y{X)) = giAUX),AljiX)) - 5g{Al{X),Nf - 25g{U,N)g{yxN,A}j{X)) 
+ g{U,Nfg{VxN, VxN). 

Hence, Ay is normal if and only if equation ([S]) holds. □ 

Example 2.9. Above proposition provides more examples of vector fields with nor¬ 
mal associated endomorphism. 

(1) If U is tangent to M and it has normal associated endomorphism, then 
the restriction of U to M also has normal associated endomorphism since 
equation 0* holds trivially. 

(2) The projection of a Killing vector field onto an umbilic hypersurface has 
normal associated endomorphism, since equation 0 holds in this case. 
Observe that the projection of a Killing vector field onto a hypersurface is 
also a Killing vector field if and only if the hypersurface is totally geodesic. 

3. Curvature of the canonical variation 

To relate the curvature tensor i? of a metric g and the curvature tensor i?* of its 
canonical variation gt we need the following general lemma. 

Lemma 3.1. Let V and V* be two arbitrary connections on a manifold M with 
curvature tensors R and R* respectively. Given U,V,W € X{M) we have 

RljyW = RuvW+{XuD*){V,W)-{XvD*){U,W) 

(6) + D\U,D\V,W))-D\V,D\U,W)). 

Theorem 3.2. Let {M,g) be a Riemannian or a Lorentzian manifold and gt the 
canonical variation along a (timelike) unitary vector field E with Ae orthogonally 
normal. Given X G E-^ 

gt{R^XEE,X) = g[RxEE,X) + t{eg{XxAE{E),X)-g{AE{E),Xf) 

+ ^-^^^^{g{AE{X),AE{X))-g{Al{X),X)). 

Proof. Applying equation ([S]), we have 

giR^EE - RxeE, X) = gi{XxD*)iE, E), X) - g{{XED*){X, E), X) 

+g{D\X, D\E, E)),X) - g{D\E, D*{X, E)),X). 

We compute each term applying DroDOsition l2.3l The first one is g{{XxD*){E, E), X) = 
etg{XxX eE,X) — etduj{VxE, X). For the second one we use corollary 12.41 

g{iXED*){X,E),X) = -gt{D\X,E),XEX)-gt[D\VEX,E),X) 

= -tg{E,XEX)g(XEE,X) 

= tg{VEE,Xf. 
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The third one is zero since D^[E,E) _L E. The last one. 

g{D\E,D\X,E)),X) = "-^doj{D\X,E),X) 

= {g{^DHx,E)E,X) - gt{D\X,E),XxE)) 

= (^9{'^d*(x,e)E,X) ——doj{X,XxE)^ . 

Now, we have duj{AE{X), X) = g{A\{X), X) — g{AE{X), Ae{X)) and 

g{AE{D\X,E)),X) = ^-^(g{AE{X),A*E^{X)) - g{A%^{X),At[X))). 

Therefore, since is orthogonally normal, (e + |) (Ej{X xE,X)+^g{X Et(x,E)E,X) = 
(^g{A^{X)), X) — g{AEiX), Ae{X))) and we obtain the desired result. □ 

Corollary 3.3. Let [M,g) he a Riemannian or Lorentzian surface and gt the 
canonical variation of g along a (timelike) unitary and geodesic vector field E. If 
K and K* denote the Gauss curvature of g and gt respectively, then = j^^K. 

Corollary 3.4. Let {M,gE) be a Riemannian manifold and gt the canonical vari¬ 
ation along a unitary vector field E with Ae normal. If A is a plane containing E, 
then 

Kt{A) < /or te (-00,-2) U (-1,0), 

Kt{A) > Y^^fl(n) /or t e (-2,-1) U (0,oo). 

In particular, if gL is the standard canonical variation, then it'/, (11) = — it'/j(n). 

Proof. Since Ae{X) T E, we have 

g{Al(X),X) < ^g{AE{X),AE{X))^g{A)i-{X),A%^{X)) = g{AE{X), Ae{X)). 

Using that E is geodesic and theorem 13.21 we get the result. □ 


Corollary 3.5. Let {M,g) he a Lorentzian or Riemannian manifold and gt the 
canonical variation along a (timelike) unitary vector field E with Ae orthogonally 
normal. Then 

Rict{E,E) = Ric{E, E) + etdiv^EE + ^\ \\A'e\\^ - tr(Al'J)), 

where A'^ is the restriction to E-^ of Ae- In particular, if{XI,gE) is a Riemannian 
compact manifold, 

( Rict{E,E)dgt < \/\l + t\ [ Ric{E,E)dgR for t e {-oo,-2)U {0,oo), 

Jm Jm 

[ Rict{E,E)dgt > \/|l + t\ [ Ric{E,E)dgR for t e (-2,-1) 

JM JM 

and if gL is the standard canonical variation, then RicL{E, E)dgL = Ric{E, E)dgR. 
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Proof. From theorem 13.21 we have 

Rict{E,E) = Ric{E, E) + t[e{divV eE — eg{\7 e'^eE, E)) — g{\7 eE,\7eE)) 

-tr(A’l)) 

= Ric(E, E) + ctdivVeE + IlBEtF (||/li||2 - tr{A%)). 

For the second part, we take into account that the canonical volume forms of gt 
and g are related by dgt = \/\l + t\dgE and that — tr{A'^) > 0 because Ae 

is orthogonally normal. □ 


Theorem 3.6. Let {M,g) he a Riemannian or Lorentzian manifold and gt the 
eanonical variation along a (timelike) unitary vector field E. If X,Y G E^, then 

gt{R*xYY,X) = g{RxYY,X) 


+ TTT;(!'OE(x),x)9(/iE(r),r)-9(/iE(x),r)9(/iE(r),x) 


Proof. From equation (lOl) . 

g{R^XYY - RxyY,X) = g{{XxD*)iY,Y),X) - g{{XYD^){X,Y),X) 

+ g{D\X, D\Y, Y)), X) - g{D\Y, D\X, T)), X). 
We compute each term using proposition 12.31 Ther fisrt one. 


g{fVxD*){Y,Y),X) 


- 2{/+et) ^xY)du:{Y, X) 

.-J—g{XyE, Y)giX, XxE) + tg(Y, XxE)g{XYE, X) 

\ et 

tg{XxE,Yf. 


The second term. 

g{{XYD%X,Y),X) = --^-^^{LEg){X,Y)g{E,VYX)-^-g{E,VYX)du^{Y,X) 


= ig{XYE,X) 


1 


1 H” st 


iLEg){X,Y) + dLuiY,X) 


The third one vanishes. Using corollarv l2.41 the last one is g{D*(Y, D*(X, Y)), X) = 


er 


4(l + £t) 
Now, 


{g{XYE,Xf-g{Y,XxE)^). 


gfR^XYY, X) - g{RxYY, X) = -^g(yxE, X)g{XYE, Y) 

1 et 

+ 2^llet) + 3et)g(Vxi?, Y)g{XYE, X) - ^±^{g{XxE, Yf + g{XYE, X)^)^ 

= X)g{VYE, Y) - g{VxE, Y)g{XYE, X) - i±^du;(X, Yf^ . 

□ 
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Example 3.7. A Riemannian manifold is called of quasi-constant sectional 

curvature if there exists a unitary vector field E € X(M) such that the sectional 
curvature of any plane only depends on the basepoint and the angle between the 
plane and E, [Si. On the other hand, a Lorentzian manifold {M,gi,) is called 
infinitesimal null isotropy if there exists a timelike unitary vector field E G X{M) 
such that the lightlike sectional curvature respect to E only depends on the base- 
point, USdS]. After theorems \S.2\ and \S.f\ we can easily check both definitions are 
equivalent in their respective settings. 

Indeed. Suppose that {M, gjf) is a Riemannian manifold of quasi-constant sec¬ 
tional curvature. If we call lo and 6 the one forms metrically equivalent to E 
and V eE respectively, then it is known that V^E = \X, duj{X,Y) = 0 and 
(V^0) (Y) — 0{X)9(Y) = 'ygEiX,Y), being X,Y G E^ and A, 7 functions on M, 
i- Take g^ the standard canonical variation along E. Using above formulas and 
theorems \S.‘A and (M it is easy to show that, in (M,gE), the sectional curvature 
of planes orthogonal to E and planes containing E only depends on the basepoint, 
which implies that it is infinitesimal null isotropy. In the same manner, we can 
check that if {M,gL) is a Lorentzian manifold infinitesimal null isotropy, then the 
standard canonical variation is a Riemannian manifold of quasi-constant sectional 
curvature. 

Corollary 3.8. Let {M, g) he a Riemannian or Lorentzian manifold and gt the 
canonical variation along a (timelike) unitary vector field E with Ae orthogonally 
normal. Given X G E-^, 


Rict{X, X) = Ric{X, X) — ^ ^ ^ g{RxEE, X) + — — ■ 2 g{AE{X),X)div E 


1 “h St 


1 “h st 


+ 




St^ 


\ st 
t 

\ st 


g{Al{X), X) - tg{AE{X),AE{X)) 
{g{XxAE{E), X) - eg{AE{E), Xf) . 


Proof. Take {ei,... ,Et} an orthonormal basis for gt with Et = . ^ E. Using 

it™ vI*+^I 

theorem 13.21 

gM^xX,Et) = j::^^g[RxEE,X) + j^^{eg{XxXEE,X)-g{XEE,Xf) 


k + ^1 

t{^S “h i) 


2\s + 1\ 

On the other hand, from theorem 13.61 


s 1\ 

{giAEiX),AEiX)) - giAliX),X)) . 


n—1 


n — 1 


2=1 


2=1 

^ (g{AEiX), X)div E - g{X, Al|(X)) - du:{X, e,)' 


1 “h st 




2=1 
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But now observe that 

n — 1 

= g{AE{X),AE{X))+g{A%^{X),A%^{X))-2g{X,Al{Xj) 

= 2g{AE{X),AE{X))-2g{X,Al{X)), 

where the last equality holds because is orthogonally normal. Putting all to¬ 
gether we obtain the result. □ 

Corollary 3.9. Let {M,g) be a Riemannian or Lorentzian manifold and gt the 
canonical variation along a (timelike) unitary vector field E with Ae orthogonally 
normal. The scalar curvatures St and S are related by 
2t 2t 

St = S--—Ric{E,E) + -—divXEE-tg{XEE,XEE) 

1 + et 1 -I- £1 

~^T+7t + 2(T+7t) “ MeIH ) 

where A'^ is the restriction to E^ of Ae- 

Proof. We only have to apply corollaries 13.51 and 13.81 □ 


Example 3.10. We can easily construct a Riemannian odd sphere with constant 
negative scalar curvature. Indeed, if we take gt the canonical variation along the 
Hopf vector field, since it is unitary and Killing, from above corollary, St = 2n{2n + 

I — t), which is negative for t large enough. 

Finally, we compute gtiR^EX^^ being X,Y G E-^, which will be useful later. 

Proposition 3.11. Let {M,g) be a Riemannian or Lorentzian manifold and gt the 
canonical variation along a (timelike) unitary vector field E. If X,Y G E^, then 

gt{R%xX,Y) = g{RExX,Y) + i(^- e(yxdLv){X,Y) + giAEiX),X)giAEiE),Y) 

-2g{X, AE{Y))g[AE{E), X) + g[AE{X), Y)g{AE{E),X)) . 

Proof. From formula ([6|). 

gt{R%xX - RexX,Y) = g{{V eD%X,X),Y) - g{{XxD%E,X),Y) 

+ g{D\E, D\X, X)), Y) - g{D\X, D\E, X)), Y). 


As always, we use proposition 12.31 to compute each term. The first one gives 
Msg{{VED*){X,X),Y) = j^^g{AE{X),X)g{AE{E),Y)+tg{AE{E),X)du:{X,Y). 
The second one. 


g{{XxD*){E,X),Y) 


Xg{D\E, X), Y) - g{D\E, X), XxY) - |da;(VxA, F) 
^-g{E,XxX)du{E,Y) 

jXidujiX,Y)) - |dcu(A, Vxn + *-giXxE,Y)giXEE,X) 
^-^du{XxX,Y) + ^-g{XxE,X)g{XEE,Y) 

|(Vxdw)(A,F) +^-[g{XxE,Y)g{XEE,X) 


+ g{XxE,X)g{XEE,Y)). 
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The third is g{D^{E, D*{X, X)), Y) = Y^ 9 i'^xE, X)g{'V eE, Y) and the last one 
vanishes. □ 

4. Standard canonical variation along a Killing vector field 

Suppose that E is a Killing unitary vector field in a Riemannian manifold {M, gn) 
and consider gL = gR — 2uj ® uj the standard canonical variation along it. In this 
case, from formula (jd]), we have 

- 2{uj{U)V^E + uj{V)V^E^. 

Moreover, from corollary 12.41 E is also Killing for g^. 

The symmetric respect to i? of a vector v = aE+Y, being Y E E,isv* = aE—Y. 
The symmetric respect to if of a plane 11 = span{X, v), being X T if, is the plane 
given by 11* = span{X,v*). 

We denote /Cf(n) the lightlike sectional curvature of a lightlike plane 11 of 
{M,gE) respect to E. 

Proposition 4.1. Let {M,gR) be a Riemannian manifold, E S X{M) a Killing 
unitary vector field and g^ the standard canonical variation along E. 

(1) If li is a nondegenerate plane for g^, then Kr{U*) < — cos{26)Kl{JY), 
being 9 the angle between 11 and E. Moreover, the equality holds if and 
only if E gH. 

(2) If H is a degenerate plane for gL, then 2Kr{J1*) < /C|^(n). 

(3) Given v G TM it holds RicR{v,v) < RicL{v*,v*) and the equality holds if 
and only if v is proportional to E. 

(4) The scalar curvatures Sr and Sr hold Sr < Sr and the equality holds if 
and only if E is parallel. 

Proof. (1) Suppose 11 = spaniX, V) where X and V are OB-unitary, V = aE + Y 
a.ndX EY EE. Since E is Killing, 

( 7 ) 

Vf (dcu)(X,y) = 2 (gR{X^X^E,Y) - gR{X^^^E,Y)) = -2gR{R^^X,Y). 

Now, recall that gR corresponds to the values t = —2 and e = 1 in formula ([3]) and 
therefore, applying theorems 13.2113.61 and 13.111 we get 

(8) 9l{R^xX, V) = gR{R^,xX, K*) + 6gR{V^E, Yf, 

and we obtain the result. 

(2) It follows from equation ([8]). 

(3) Suppose V = aE EX with X € if-*-. Using corollary 13.51 RicL{E, E) = 
RicR^E, E). From proposition 13.111 and formula d?]), RicL{E, X) = —RicR^E, X) 
and by coroHa.rvlTSl RicL{X, X) = RicR{X, X)-2gR{R^j^E, X)E6gR(y^E, V^E). 
Since E is Killing, gR{XxE,XxE) = gR^RxRE, X) and therefore 

Ricl{v, v) = Ricr{v*,v*) E 4<?R(Vf K, Vf U) 

and the result follows. 

(4) Since E is Killing, ||^e|P = RicR{E, E) and thus, corollary 13.91 gives us Sr E 

2RicR{E, E) = Sr. The statement holds now trivially. □ 
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The existence of a Killing vector field on a Lorentzian manifold with an isolated 
zero implies that M has even dimension, [2]. We can proof the following related 
result. 

Theorem 4.2. Let be a compact Lorentzian manifold with negative sec¬ 

tional curvature on timelike planes. If there exists a timelike unitary Killing vector 
field, then M has odd dimension. 

Proof. Take g^i = gi^-\-2u!'S>ui. Applying above proposition, if 11 is a plane containing 
E, then Arfl;(n) = —^1^(11) > 0. Since E is also unitary and Killing for g^ (see 
corollary 12.41) . using Berger’s theorem ([HITO]), M has odd dimension. □ 

Example 4.3. Since the Lorentzian Berger sphere , pl) is obtained as the 

standard canonical variation of the Euclidean .sphere along the Hopf vector field 
E, we have 2 < Ke{IL) for all degenerate plane and the scalar curvature is Sl = 
2n{2n + 3). 

We give now an application to using Bochner techniques. Given a Killing vector 
field 17 in a compact semi-Riemannian manifold {M,g), it holds 

[ \\Au\fdg= [ Ric{U,U)dg. 

JM J M 

Therefore, in the Riemannian case, we have 

(9) 0< / mcniU,U)dgR. 

JM 

Moreover, if U is nonzero everywhere and we take {ei,..., e„_i, ■^} an orthonor¬ 
mal basis, then 

n— 1 -| 

= Yl^gR{ylu,vlu) + v«[/) 

and so we can refine inequality ([9]) obtaining 

(10) 0 < (^RicniU, U) - — dg^. 

In the Lorentzian case, even if U is timelike, ||Ac/|p and 9L{^eiU, Vg.17) do 

not have sign and we can not obtain the inequalities (jH]) nor m- Neverthess, in 
[15] it is observed that > 0, where E is the unitary of U, and thus if U is 

timelike and Killing it holds 

/ —TTTTn < 0. 

JM 9l{U, U) 

Using the canonical variation we can prove a similar inequality to (nni in the 
Lorentzian case. First, we need some preliminaries lemmas. 

Lemma 4.4. Let (M, g) be a semi-Riemannian manifold and E G X(M) a vector 
field with g{E,E) = c G R — {0}. Suppose that E is orthogonally conformal, i.e, 
{Lep) {X,Y) = 2pg{X,Y) for allX,Y G E^, and take X G C^{M). Then U = XE 
is conformal if and only if 

EiX) = Xp, 

cX{X) = -Xg{VEE,X) for all X G E^. 
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Proof. It is enough to use the formula Lu = XLe + dX uj + uj dX. □ 

Lemma 4.5. Let {M^gjf) be a Lorentzian manifold and U a timelike confor- 
mal/Killing vector field with unitary E. Then U is also conformal/Killing for the 
canonical variation along E. 

Proof. Just apply corollary 12.41 and above lemma. □ 

Theorem 4.6. Let [M^gif] he a compact Lorentzian manifold and U a timelike 
Killing vector field. Then 

0 < (ricUU, U) - —V^C/)) dgL. 

Proof. Call E the unitary of 17 {U = XE) and consider gt the canonical variation 
along E. For 1 < t < 2, we have 

0< [ Rict{U,U)dgt, 

J M 

since gt is Riemannian and Lf is Killing. Using corollary 13.51 

Rict{U,U) = X^Rict{E,E) = X^ {RicL{E, E) - tdivV/E + t(t - 2 )\\A'e\/) 

2t 

= RicLiU, U) + ^gLiV/U,V/U) - tdivV^U + t{t - 2 )X^\\A'e\/ 

But > 0 and dgt = ^|1 — t\dgL- Therefore 

0 < (^RtCL{U,U) - dgL, 

for 1 < t < 2. Taking t —)> 1 we get the result. □ 

Example 4.7. In general, the integral m is not positive in the Lorentzian ease. 
In fact, let (iV, go) be a compact Riemannian manifold, f S C^{N) a positive 
function and consider {M,gL) = {N x S^,go ~ f^dt^). The vector field U = dt is 
timelike and Killing and it is easy to show that 

(^RtCL{U,U) - —dgL = - J^ 9 L{Vf,Vf)dgL < 0. 

5. Standard canonical variation along a closed vector field 

Suppose that E is a closed unitary vector field in a Riemannian manifold (M, gn) 
and consider gL = gR — 2 (jj ® uj the standard canonical variation along it. From 
formula (|3]), we have 

= V^V + 2gR{V^E,V)E. 

In particular, the shape operators of the orthogonal leaves of E in {M,gR) and 
{M,gL) coincide. 

Proposition 5.1. Let (M,gR) he a Riemannian manifold, E S X(M) a closed 
unitary vector field and gr the standard canonical variation along E. 
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(1) If His a nondegenerate plane for gL, then 

-cos(20)ifi(n) = Kr{h) + (i^fi(p(n)) - i^R(p(n))), 

where 9 is the angle between E and 11, Kr is the induced curvature on the 
orthogonal leaves of E and p is the orthogonal projection onto E-^. 

In particular, K^ijl) = —Kr{I\) for any plane containing E. 

(2) If H is a degenerate plane for g^, then 

/cf (n) = 2Kr{h) + 2 (i:R(p(n)) - ifR(p(n))). 

(3) For any v S TM, it holds 

RicL{v,v) = RicR{v,v)+ 2gR{AE{v),v)divRE 

- ‘^9R{I^E{v),AE{v))-2gR{R^EE,v). 

(4) SL = SR + 4E{diVRE) + 2(\\AE\\^ + {divREfy 

Proof. Suppose 11 = span{X, V) where X and V are g/j-unitary, V = aE + 
Y and X E Y E E. Applying theorem 13.21 13.61 and proposition 13.111 we get 
9L{R\fxX, = 9r{R^xX. ^)+2 {9r[Ae{X), X)gR{AE{Y), Y) - gR{AE{X), Yf) 
and we can easily deduce points 1 and 2. 

(3) It follows from corollary 13.5113.81 and proposition [2311 

(4) Use that RicR^E) + E{divRE) + ||A£;|p = 0 and corollarv l3.9l □ 

Theorem 5.2. Let {XI, gR) be a Riemannian manifold, E G X{XI) a closed unitary 
vector field and gr the standard canonical variation along E. If E is complete and 
nonparallel, then there exists a point p G M such that Sr{p) < Sl{p). 

Proof. Suppose that Sr < Sr for all points in M. Using above proposition, 

2E{divR E) + {divR E)^ < 2E{divR E) + p + {divR E)^ < 0. 

Since E is complete, divRE = 0 and Sr = S'fl; + 2||A£:|p > Sr > Sr. Therefore 
II^eIP = 0 and E is parallel. □ 


Now, we are interested in knowing whether the completeness is preserved by the 
canonical variation. In general, this does not hold, as the following examples show. 


Example 5.3. Take {L,gQ) a complete Riemann manifold and the warped product 
(K X L, —dt^ + f‘^{t)go). The standard canonical variation along dt is gR = dt^ + 
f^{t)go, which is always complete. However, we can choose f such that —dt^ + 
f^{t)go is not complete, [ 20 ] . 


Example 5.4. Consider the Lorentzian plane i^,gR = —dx'^ + dy'^). Call 


f{x,y) = e a{x,y) 


^ + fix, y)^ 
‘2f{x,y) 


b{x,y) 


1 - fix,y)^ 
‘2f{x,y) 


Now, E = adx + bdy is a timelike unitary vector field and the standard canon¬ 
ical variation along it is gR = (2o^ — l)dx^ + (26^ + l)dy'^ — Aabdxdy. Take 
7 : [0,oo) —>■ given by j{t) = {t,t). It escapes any compact subset o/ 
but lims^oo Jq \J tO = Therefore, {M.‘^,gR) is incomplete. 









14 


BENJAMfN OLEA 


An important case when completeness is preserved is when A is a Killing vector 
field. In this case, if {M,gn) is complete, then it is also {M,gL)- Using this, 
it follows that a compact Lorentzian manifold furnished with a timelike Killing 
vector field is complete, m- 

We can prove another case when completeness is assured. For this, we give the 
following definition. 

Definition 5.5. Let M be a nondegenerate hypersurface of a semi-Riemannian 
manifold {M,g). We say that M is strongly curved if its shape operator is semi- 
definite. 

Proposition 5.6. Let {M,gfi) be a Riemannian manifold and E a complete, uni¬ 
tary and closed vector field. If the orthogonal leaves of E are complete and strongly 
curved, then {M,gii) is complete. 

Proof. We can suppose that M is simply connected. Hence, it splits as (Rx L, ds^ + 
gs) , where dg is identified with E, L is an orthogonal leaf and gs is a Riemannian 
metric on L for each s S K, [13]. 

Suppose that the shape operator of the orthogonal leaves is semi-definite neg¬ 
ative. Let V G Tj;L and take U(s) = (Os,Ua;). Then, since [V,E] = 0, we have 
■^ 9 RiVis),V{.s)) = 2gii(yyE,V) > 0. Thus gs{v,v) is an non decreasing func¬ 
tion. 

Call d the distance induced by gn in M, ds the distance induced by gs in L 
and take {p„ = {tn,Xn)} a Cauchy sequence. Since d(pn,Pm) > \tn — tm\ we have 
that {tn} converges to, say, to and we can suppose that \tn — to\ < 6 for all n G N 
and certain 5 G M. Given 0 < e < <5 there is no G N such that d{pm,Pn) < £ for 
m,n > no. Let 7(5) = {s{t),x{t)) be a curve with 7(0) = Pm and 7(1) = p„. We 
can suppose that |s(t) — to| < 25 since on the contrary case, L{'j) > 6 > d{pm,Pn)- 
Now, 

L(7) = J sJs'{tY E gs(t){x'{t),x'{t)) > ^gs.{x'{t),x'{t)) > ds»{Xn,Xm), 

where s* = to — 25 and therefore ds*{xn,Xm) < d{pn,Pm) < £■ Hence {xn} is a 
Cauchy sequence in [L,gs*) and so it converges. □ 

Theorem 5.7. Let {M,gif) a Lorentzian manifold and E a complete timelike uni¬ 
tary and closed vector field. If the orthogonal leaves of E are complete and strongly 
curved, then the standard canonical variation gn along E is also complete. 

Proof. As it was said at the beginning of this section, the shape operators coincide 
in {M,gif) and {M,gn), thus orthogonal leaves of E are strongly curved in {M,gn) 
too. Applying above proposition we obtain that gn is complete. □ 

6. Lightlike hypersurfaces 

Let {M,gif) be a Lorentzian manifold, E G X(M) a timelike unitary vector field 
and M a lightlike hypersurface. We can fix a lightlike vector field f G X(M) with 
gL{E, C) = consider the screen distribution given by 5 = TM fl E-^. Given 

U,V € X(M), the second fundamental form of M is B{U, V) = —griyu^, V). The 
hypersurface M is totally geodesic if H = 0 and totally umbilic \i B = pg for certain 
p€C^(M). 
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We can decompose 

= VuV + B{U,V)N, 

= -t{U)^-A*{U), 

where S TM, A*(U) S 5, r is a one form and N = ■\/2E + ^ is the transverse 
vector field to M. Recall that = — r(^)^ and N is lightlike and orthogonal to 
S. Moreover, r(^) = \/2gL(y^E,^). 

Observe that Xq = orthogonal to E and therefore ^ = —^E + Xq 

and N = -^E + Xq, i.e., N is the symmetric of —^ respect to E. 

If we consider gji the standard canonical variation, then gR{^, = 5 r(X, N) = 1 

and N is ^/{-normal to M. Call I the second fundamental form of M in {M,gR). 

Proposition 6.1. Given X,Y G S, it holds 

1{X,Y) = (^B{X,Y)-^{LEgL){X,Y)^N, 

I{X,0 = -5L(V^+^ji?,X)X, 

= -i2gL{^,Vj^E) + T{0)N. 

Proof. By proposition 12.31 gR{D{X, Y), N) = {Leq) (X, Y) and thus we have 

5fl(I(X, Y),N)= gniV^Y, N) - ^ {LEg) (X, F) = B{X, Y) - ^ (LEg) (X, F). 

On the other hand gii{D{X,f^), N) = —y/2gL{X^E,X) — ghiy^E^X) and since 
gnyk^N) = 0, we get I(X,e) = -gL(V^^^^i?,X)X. 

Finally, gR{D{^,^),N) = -V2g{^,V^E) = -{2gL{iy%E) +t(C)), and since 

= -(2gL(?,V|£;) + r(^))X. □ 

If E is parallel and M is totally geodesic, then it is also totally geodesic in 
{M,gR), but however, if M is umbilic, then it is not umbilic in {M,gR). 

Recall that the lightlike mean curvature of M is given by Hr = E{ei, Ci) 

where {ci,..., e„_ 2 } is an orthonormal basis of S and the mean curvature of M as 
hypersurface of (M, gs^y Hr = being {ui,..., Vn-i} a gR 

orthonormal basis of T M. 

Proposition 6.2. Let {M,gE) be a Lorentzian manifold, E G X{M) a timelike 
unitary vector field and gR the standard canonical variation along it. Take M a 
lightlike hypersurface. 

• Hr = Hr - y/2diVRE + r(^). 

• If M is compact and orientable, then J-j^HRdgR = 0. 

Proof. If {ei,..., e„_ 2 } an orthonomal basis in 5, then {ei,..., en- 2 i^} is a gR- 
orthonormal basis of M. Therefore, using proposition 16.II 

n-2 

Hr = Hr- V2Y.9LyiE, Ci) - 2gRy V’f.E) - t{0- 
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But now, observe that {ei, ..., 6^-2, \/2^ + E, E} is an orthonormal basis and so 

n—2 

(HvlE = Y, gdViE, e,) + ^2^ + E) 

n—2 

= Y9Li'^e.E,e,) + V2T{0+V2gL{V^E,0. 

For the second point, since gR{D{ei,^), Ci) = 0 (corollary 12.41) . we have div^^ = 
-Hl. □ 

We can easily obtain the following generalization of theorem 8 in [3]. 

Corollary 6.3. Let {M,gL) be a Lorentzian manifold, E a timelike unitary Killing 
vector field and M a lightlike hypersurface. Consider gn the standard canonical 
variation along E. The lightlike mean curvature of M vanishes if and only if the 
mean curvature of M as hypersurface of{M,g}i) vanishes. 

In a time-orientable and orientable Lorentzian manifold satisfying the null con¬ 
vergence condition {Ric(u, u) > 0 for all lightlike vector u) any compact lightlike 
hypersurface with nonpositive (or nonnegative) mean curvature is totally geodesic. 
In fact, we only have to take into account second point of proposition 16.21 and the 
well-known Raychaudhuri equation (see for example [71 [TH |T7] ). An standard ap¬ 
plication of the Raychaudhuri equation also gives us that a lightlike hypersurface is 
totally geodesic if the null convergence condition and the completeness of lightlike 
geodesics of the hypersurface are assumed. Observe that this result is not appli¬ 
cable to above situation because the compactness does not ensure, in general, the 
completeness of the lightlike geodesics of the hypersurface. 

We can obtain other results ensuring that a compact lightlike hypersurface is 
totally geodesic under curvature hypotheses. First, we need the following lemma. 

Lemma 6.4. Let {M,g]f) be a Lorentzian manifold and U G X{M) a timelike 
Killing vector field with unitary E. If X = |(7|, then for any X E E we have 

(11) gURjcsE, X) = ig^(viVA, X) + ffL(Vi A, ViA). 

If [/ is a Killing vector field and M a compact hypersurface of a Riemannian 
manifold (M, gn) with normal unitary N, then 

(12) j_gR{U,N)HRdgR = 0. 

J M 

Moreover, if M has constant mean curvature, then 

(13) l_gR{U,N)\\S\\^ - RicR{N,U)dgR = 0, 

J M 

where 5'(X) = —is the shape operator of M and U is the g/j-projection of Lf 
onto M, [73]. 

Theorem 6.5. Let {M,gi,) he a Lorentzian manifold, U G X{M) a timelike Killing 
vector field and M a compact lightlike hypersurface. Take E the unitary of U, 
X = \U\ and ^ G X[M) a lightlike vector field with gR{^,E) = Call Xq the 
orthogonal projection of ^ onto E^ and N the symmetric of respect to E. If 
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• i/L — 5 l(V In A, has sign. 

• 0 < RicLiN,^)+ A\nX- AgLi^x^E, ^xE). 
Then, M is totally geodesic. 


Proof. First, observe that = VlnA and r(^) = —V In A). Take gn the 

canonical variation along E = j-. We know that U is also Killing for g^ (lemma 
B31) and it is easy to show that g]i{U,N) = Applying formula (IT^ . we have 
JjjXPljidgR = 0. But, from proposition 16.21 Hr = Hr — gi(VlnA,^) which has 
sign. Therefore, Hr = 0 and since the projection of U onto M is given by — 
formula (IT^ gives us 


[_X\\S\\^dgR = - [_ 
Jm Jm 

Using corollary [3^ and and lemma 


XRicR{N,^)dgR. 


RicR{N,^) = -^RicR{E,E) + RicR{Xo,Xo) 

= fficL(fV,e)+AlnA- 65 L(Vi„F;,Vi„£;) 
+ 2 (^gL{R^^EE,Xo) - igL(Vi„VA, Ao)) 


= Ricl{N, 0+ A\nX-4gL{y^„E,y^^E). 

Thus, ||5'|P = 0 and from proposition 16.11 M is a totally geodesic lightlike hyper¬ 
surface of {M,gL). □ 


Corollary 6.6. Let {M, gif) be a Lorentzian manifold, E S X{M) a timelike unitary 
Killing vector field and M a compact lightlike hypersurface. Take ^ G X{M) a 
lightlike vector field with gL{f,E) = and N the symmetric of respect to E. 

If 

• Hr has sign. 

• 0 < RicLiN,^) + 2KL{span{^, N)). 

Then M is totally geodesic. 

Proof. From lemmaEZl A, = gL{RxgEE,Xo) = -\K^{span{^,N)). 

□ 
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